We study the color correlation between static quark and antiquark (qq) in the confined phase via reduced density matrices ρ defined in color space. We adopt the standard Wilson gauge action and perform quenched calculations with the Coulomb gauge condition for reduced density matrices. The spatial volumes are L 3 = 8 3 , 16 3 , 32 3 and 48 3 , with the gauge couplings β = 5.7, 5.8 and 6.0. Each element of the reduced density matrix in the sub space of quarks' color degrees of freedom of the qq pair is calculated from staples defined by link variables. As a result, we find that ρ is well written by a linear combination of the strongly correlated qq pair state with the color-singlet component and the uncorrelated qq pair state with random color configurations. We compute the Renyi entropies S Renyi from ρ to investigate the qq distance dependence of the color correlation of the qq pair and find that the color correlation is quenched as the distance increases.
I. INTRODUCTION
Color confinement is one of the nonperturbative features of Quantum ChromoDynamics (QCD), the fundamental theory of the strong interaction. The static interquark potential (qq potential) in the confinement phase exhibits a linearly rising potential in the largeseparation limit giving the diverging energy, and quarks cannot be isolated. Such confining features have been studied and confirmed in several approaches [1] .
The color confinement may be illustrated by the flux tube formation between quark and antiquark. A color flux tube which has a constant energy per length is formed between (color singlet)pair and this tube gives the linearly risingpotential [2, 3] . Note that QCD is nonabelian gauge theory and hence such gluon fluxes have colors. In other words, the color charge first associated with a color-singletpair flows into interquark flux tube as theseparation is enlarged keeping the total system color singlet [4, 5] . If the color charge of thepart and that of the gluon part are separately considered, this color transfer can be regarded as a color charge leak frompart to the gluon part in association with the screening effect. This color leak should depends on thedistance and would be observed as the distance dependence of the color correlation between quark and antiquark.
Such color correlation of thepair may be detected by entanglement entropy (EE) defined by the reduced density matrix. EE quantifies an entanglement between degrees of freedom in purely quantum systems, and have been utilized in variety of physical systems [6] [7] [8] [9] [10] [11] [12] [13] [14] [15] [16] [17] . If thepair's correlation is strong, thepart is well decoupled from the gluon part and there is no entanglement between theand gluon parts. In other words, the color leak frompart can be measured by EE. In this paper, we define the reduced density matrix ρ for a staticpair in terms of color degrees of freedom. The density matrix is reduced into subspace ofcolor configurations by integrating out the gluons' degrees of freedom, which is simply done by averaging the density matrix components over gauge configurations, and compute entanglement entropy S with the reduced density matrix. Constructing a simple ansatz for the reduced density matrix ρ, we investigate the dependence of S on the interquark distance R.
In Sec. II, we give the formalism to compute the reduced density matrix ρ ofsystem and the entanglement entropy S of it. The details of numerical calculations and ansatz for ρ are also shown in Sec. II. Results are presented in Sec. III. Sec. IV is devoted to the summary and concluding remarks.
II. FORMALISM

A. reduced 2-body density matrix and qq correlation
The entanglement between two subsystems A and B can be quantified with entanglement entropy (EE). From the density matrix ρ AB for a whole system A + B, the reduced density matrix ρ A is obtained as ρ A = Tr B (ρ AB ). Here, Tr B is taken over the degrees of freedom of the subsystem B. The entanglement entropy S EE A of the subsystem A is then defined as S EE A = −Tr A (ρ A log ρ A ) in the functional form of the von Neumann entropy. The density matrix ρ A defined for the reduced space (the subsystem A) can give a non-zero value of EE because a part of information is lost from the ρ AB for the full space by tracing out degree of freedom (Dof) of the subsystem B. The EE is zero only in the case of ρ 2 A = ρ A when the subsystems A and B are completely decoupled from each other (not entangled).
Since our interest is being focused on the staticarXiv:1910.00859v2 [hep-lat] 3 Oct 2019 pair's color correlations, we divide the whole color-singlet system into (possibly colored) two subsystems, static (anti)quarks (Q) and "others"(G), and consider color DoF of the subsystems (Q = A and G = B). Other DoF contains all the gluon's DoF including the vacuum polarization by the sea quark's loop.
In the actual calculations, we compute the reduced two-body density matrix ρ in the subsystem Q by taking into account static quark's color configuration only. Thus defined density matrix is nothing but the reduced density matrix ρ Q that is obtained integrating out the other DoF G in the full density matrix ρ QG ; ρ Q = Tr G (ρ QG ).
The reduced two-body density operatorρ(R) in asystem with the interquark distance R is defined aŝ
Here |q(0)q(R) represents a quantum state in which the antiquark is located at the origin and the other quark lies at x = R. The reduced density matrix components ρ(R) ij,kl , where i (j) are quark's (antiquark's) color indices, are expressed as
ρ(R) is a m × m square matrix with the dimension m = N 2 c . Note again that ρ is defined using only quark's DoF and gluon's wavefunction is not considered and then thus defined ρ can be regarded as a reduced density matrix where gluon's DoF are integrated out.
The von Neumann entanglement entropy S VN (R) forpair at a distance of R can be computed with the reduced density matrix ρ(R) as
which can be regarded as an entanglement entropy representing the correlation between static-quark pair (subsystem Q) and other DoF (subsystem G).
In the actual computation of S VN , one needs to diagonalize ρ or approximate the logarithmic function. In order to avoid such numerically demanding processes, we adopt Renyi entropy [18] for EE for detailed analysis. Renyi entanglement entropy S Renyi−α of order α (α > 0, α = 1) is given as
with a reduced density matrix ρ. Note that in the limit when α → 1, it goes to von Neumann entropy as S Renyi−α → S VN . Renyi entanglement entropy is a kind of generalized entropies that quantify uncertainty or randomness, and used to measure entanglement in quantum information theory. Since entanglement entropy is invariant under unitary transformations, it enables representation independent analysis. We use the second order Renyi entanglement entropy by taking α = 2, which is simply given by the squared ρ(R) as
We here comment on the relationship betweencorrelation and the entanglement entropy. Our main interest is thepair's color correlation defined in the subsystem Q. The whole pure state in Q + G system can be written as
Here, α denotes all the possible color states of thepair, and total system is kept in a color singlet state. When quark and antiquark's colors are strongly correlated forming a color singlet combination |1 Q with no color charge leak from Q to G, the subsystems Q and G are well decoupled in the color space and therefore the whole state can be expressed in a simple product of Q and G parts as
In this strongly correlated case, the entanglement entropy S EE goes to zero, since two subsystems Q and G decouple and the entanglement between subsystems Q and G vanishes.
On the other hand, whenpair's color charge leaks into inbetween gluons and the color correlation between them decreases, the whole state cannot be written in a separable form, and S would take a positive finite value as S > 0. 
In color SU(N c ) QCD, the density operatorρ ai,ai (i = 1, 2, ..., N 2 c − 1) forin an adjoint state |a
In the limit R → 0, quark and antiquark are considered to form a color-singlet state (|s ) corresponding to the strong correlation limit, and its density operator will be written asρ
Here, "α−rep." means that the matrix is expressed in terms of qq's color representation with the vector set of {s, a 1 , ...a 8 }. As R increases, it is expected that adjoint components mix into the singlet component due to the QCD interaction. We assume that contamination mixed into the pure singlet (correlated) state is the uncorrelated state with random color configurations where N 2 c components mix with equal weights. The density operator for such the random state is given aŝ
Letting the fraction of the original (maximally correlated) singlet state being F (R) and that of the mixing (random) components being (1 − F (R)), the density operator in this ansatz is written aŝ
The matrix elements ofρ ansatz (R) in the α-representation are explicitly written aŝ
When N c = 3,
would be satisfied at any R in this ansatz. The first relation should be satisfied due to the color SU(3) symmetry. The second, which means that the off-diagonal components are all zero, comes from the ansatz of the random state. The normalization condition Trρ = 1 is trivially satisfied in this ansatz as
In the strong correlation limit whenpair's color forms |1 , F (R) = 1. On the other hand, in the random limit when quarks' colors are screened, F (R) = 0.
C. Lattice QCD formalism
Let the site on the lattice r = (x, y, z, t) = xe x + ye y + ze z + te t and µ-direction (µ = x, y, z, t) link variables being U µ (r). With a lower staple S L (R, T ) representingpair creation and propagation and an upper staple S U (R, T ) forpair annihiration that are defined as
we define L ij (R, T ) as
When the euclidean time separation T is large enough and excited state contributions can be ignored,
where E 0 is the ground-state energy. Normalizing L(R, T ) so that Tr L(R, T ) = ij L ij,ij (R, T ) = 1, we obtain ρ(R) whose trace is unity (Tr ρ(R) = 1).
Once we obtain ρ(R), Renyi entropy of order α as a function of R is obtained as
We adopt the standard Wilson gauge action and perform quenched calculations for reduced density matrices of static quark and antiquark (qq) systems. The gauge configurations are generated on the spatial volumes L 3 = 8 3 , 16 3 , 32 3 and 48 3 , with the gauge couplings β = 5.7, 5.8 and 6.0. All the gauge configurations are gauge-fixed with the Coulomb gauge condition. The parameters adopted in the present work are summarized in Table. 7. 
III. LATTICE QCD RESULTS
A. Ground-state dominance
In order to confirm the ground-state dominance, we investigate the static quark and antiquark potential. In Figs. 1, 2 and 3, we show the effective energy plots for staticsystems with several interquark distances R as a function of the Euclidean time separation T . For all the interquark distances R, effective energies show plateaux against T at T ≥ 2 and it is confirmed that ground-state saturation is ensured at T ≥ 2. Hereafter, we adopt normalized reduced density matrix ρ(R, 2) measured with 
B. Reduced density matrix elements
In this subsection, we take a detailed look at the reduced density matrix elements obtained with lattice QCD. In order to see the validity of the first condition in Eq.(16), we define the average
and the deviation
In Fig. 4 , D i (R) (1 ≤ i ≤ 8) are plotted as a function of the interquark distance. All the values are consistent with zero and it is confirmed that the first condition is satisfied for all the R and i within statistical errors. Hereafter, the octet components of ρ(R) is represented by the averaged value ρ(R) 8, 8 . The second condition in Eq.(16) is the assumption in the ansatz. To see to what extent this assumption is valid in the actual reduced density matrices, we define following two independent components. Fig. 5 . We find that they are consistent with zero and we conjecture that the off-diagonal components of the reduced density matrix ρ(R) are considerably small. From these analyses, we can conclude that the reduced density matrix ρ(R) obtained with lattice calculations in the staticsystem is expressed by the ansatz with high accuracy. Indeed,
FIG. 5:
In order to see the magnitudes of the offdiagonal components, two independent off-diagonal components ρ(R)1,8 1 and ρ(R)8 3 ,8 4 are plotted as a function of the interquark distance. They are consistent with zero and we conjecture that the off-diagonal components of the reduced density matrix ρ(R) are consideably small. even when we replace the octet components and the offdiagonal components of ρ(R) with the average ρ(R) 8, 8 and with zero by hand, all the results remain almost unchanged.
C. R dependence of F (R)
Taking into account the normalization condition
the independent quantity at a given R is only ρ 8,8 , and we can compute the fraction F (R) of the remaining correlatedcomponent as,
When thesystem forms a random state with no color correlation between q andq, the calculated ρ(R) equals toρ rand and gives F (R) = 0. In the upper panel in Fig. 6 , F (R) is plotted as a function of the interquark distance R. F (R) linearly decreases at small R, and exponentially approaches zero at large R, which can be also seen in the lower panel (logarithmic plot of F (R)). The exponential decay of thecorrelation indicates the color screening effects due to inbetween gluons. We fit F (R) with an exponential function as
and extract the "screening mass" B. In Fig. 7 , the fitted parameters A and B are plotted as functions of the spatial lattice size L. The plot includes all the data obtained at β=5.7, 5.8 and 6.0 so that one can see the β (lattice spacing) dependence. While a tiny deviation is from F (R) obtained in the largest volume. In Fig. 8 , the singlet component ρ(R) 1,1 and the averaged octet component ρ(R) 8, 8 are plotted as a function of the interquark distance R. One finds that both components approach ρ(R) 1,1 = ρ(R) 8, 8 
9 at large R, which ensures that the reduced density matrix at large interquark separation R is governed by the random componentρ rand and the original correlated statê ρ 0 vanishes.
D. Finite volume effects
Within the present numerical accuracy, the only independent quantity in the reduced density matrix ρ(R) is ρ 8, 8 , and all the finite volume effects are reflected in F (R) = 1 − N 2 c ρ(R) 8, 8 . In Fig. 9 , F (R) for several L (lattice size) and β (lattice spacing) are plotted as a function of the interquark distance R. At L > 5.0 fm, F (R) shows almost no volume dependence and ρ(R) is safe from the finite volume effects at this L range. When the lattice size L is small, F (R) rapidly decreases with increasing R. On the other hand, β dependence seems smaller than the finite volume effect. The systematic errors mainly comes from the finite size effect.
This finite volume effect would be due to the periodic boundary condition, with which identical qq-systems exist with the period L. Quark and antiquark (q(0)q(R)) separated by R in a system can also form color singlet pairs with quarks that are separated with the distance L − R, which additionally enters in ρ(R) as a random mixture decreasing F (R).
E. Entanglement entropy
In the following, we consider α = 2 case for the evaluation of the EE. (We will go back to S VN in the latter part of this section.) The S Renyi−2 (R) is correctly cal- culated from the trace of the squared reduced density matrix ρ(R) as
Taking into account that Tr(ρ(R)) = 1, the maximum of S Renyi−2 is obtained when all the N 2 c diagonal elements are equal to 1/N 2 c in the diagonal representation of ρ(R). From the representation invariance of S, the maximum value of S is proved to be max S Renyi−2 (R) = 2 log N c .
In Fig. 10 , S Renyi−2 (R) calculated with the ρ(R) obtained on the lattice are plotted as S Renyi−2 lattice (R). S Renyi−2 lattice (R) approaches 2 log N c as R increases, which indicates that ρ(R) is described by the random componentρ rand in the large R limit.
In the ansatz, the density matrix ρ ansatz (R) is a diagonal matrix and Tr(ρ ansatz (R) 2 ) is given by F (R) as
Then S Renyi−2 ansatz (R), the Renyi entropy evaluated using the ansatz, is expressed as is found and the ansatz is valid with a good accuracy even when the finite volume effects are large.
It is well known that any averaging leads to the growth of the entropy. The reduced density-matrix components are averaged in the ansatz and one may think S Renyi−2 ansatz > S Renyi−2 lattice should be observed. Although such tendency can be sometimes seen in figures, statistical errors are much larger and both data are consistent with each other within the present statistics. Finally, we show the von Neumann entropy S VN based on the ansatz. The direct calculation of S VN from the reduced density matrix on the lattice is numerically demanding. Instead of such a straightforward approach, we take an alternative way to calculate S VN with an approximation using ρ ansatz from the ansatz as
ρ evaluated on the lattice coincides with ρ ansatz with high accuracy as shown above, and S VN ansatz is expected to be a good approximation of S VN . Now the reduced density matrix in the α-representation has been found to be diagonal and then S VN (R) is easily computed as Fig. 12 shows S VN ansatz (R) as a function of R, and S Renyi−2 lattice (R) and S Renyi−2 ansatz (R) are also plotted for reference. S VN ansatz (R) increases towards 2 log N c faster than S Renyi−2 (R) as the VN EE is a more sensitive measure of the entanglement than the Renyi-2 EE in general. As R increases, the reduced density matrixρ is dominated by the random contributionρ rand , and all the matrix elements are equipartitioned in this limit giving the maximum value of entropy.
In order to see the finite volume effects, we plot S VN ansatz as a function of R in Fig. 13 . The tendency that S is increased by the finite size effects remains unchanged.
IV. SUMMARY AND CONCLUDING REMARKS
We have studied the color correlation of static quark and antiquark (qq) systems in the confined phase from the viewpoint of the entanglement entropy (EE) defined by reduced density matrices ρ in color space. We have adopted the standard Wilson gauge action and performed quenched calculations for density matrices. The gauge couplings are β = 5.7, 5.8 and 6.0, and the spatial volumes are L 3 = 8 3 , 16 3 , 32 3 and 48 3 . In order to evaluate each component of ρ ij,kl , all the gauge configurations are Coulomb-gauge fixed. We have also proposed an ansatz for the reduced density matrix ρ, in which ρ is written by a sum of the color-singlet (correlated) state |1 1| and random (uncorrlated) elements |1 1|, |8 i 8 i | (i = 1, .., N 2 c − 1) induced by the QCD interaction. We have quantitatively evaluated thecorrelation by means of the entanglement entropy constructed from the reduced density matrix ρ. We have adopted the von Neumann entropy S VN and the Renyi entropy of the order α S Renyi−α for the evaluation of EE. Especially when α is an integer, S Renyi−α can be computed easily from the density matrix product ρ α , and we need no diagonalization of ρ. Note that color indices in EEs are all contracted, and color-correlation measurement by means of EEs can be performed in a gauge (representation) independent way.
As a result, we have found that the reduced density matrix ρ can be reproduced well with the ansatz: The reduced density matrix ρ consists of the color-singlet (correlated) state |1 1| whendistance is small, and random (uncorrlated) diagonal elements |1 1|, |8 i 8 i | (i = 1, .., N 2 c − 1) are equally mixed asdistance is increased. Thecolor correlations have been found to be well quantified by entanglement entropies, and we conclude that entanglement entropy can be a gauge independent measure for color correlations.
